
Linear stability computations

Let X(t;X0), 0 ≤ t ≤ T, be a periodic solution with period T and initial
condition X(0) = X0. The stability of X(t;X0) is manifested by the way of
behaviour of the neighboring trajectories. A trajectory that starts from the
perturbed initial vector X0 + δX0 will be displaced after one period T by:

δX(T ;X0) = X(T ;X0 + δX0)−X(T ;X0)

Expanding this equation in a multivariable linear approximation we have:

δX(T ;X0) ≈ M [T ;X0]δX0

where Mij[T ;X
0] = ∂Xi(T ;X0)

∂Xj
0 are the elements of the so called monodromy

matrix M [T ;X0]. The linear stability of the given periodic solution X(t;X0)
is determined by the eigenvalues λ of the 12 × 12 in our case monodromy
matrix M(T ;X0) [1].

The elements Mij of the monodromy matrix M are computed in the same
way as the partial derivatives in the linear systems for Newton’s method -
with the multiple precision Taylor Series Method using the rules of automatic
differentiation (see for details [2]). The initial conditions M(0) = I, where I
is the identity matrix have to be set.

The eigenvalues of M come in pairs or quadruplets: (λ, λ−1, λ∗, λ∗−1). They
are of four types:

1) Elliptically stable - λ = exp(±2πiν), where ν > 0 (real) is the stability
angle. In this case the eigenvalues are on the unit circle. Angle ν describes
the stable revolution of adjacent trajectories around a periodic orbit.

2) Marginally stable - λ = ±1.
3) Hyperbolic - λ = ± exp(±µ), where µ > 0 (real) is the Lyapunov

exponent.
4) Loxodromic - λ = exp(±µ± iν), µ, ν (real).
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Eight of the eigenvalues of M are equal to 1 [1]. The other four deter-
mine the linear stability. Here we are interested in elliptically stable orbits,
i.e. the four eigenvalues to be λj = exp(±2πiνj), νj > 0, j = 1, 2. For com-
puting the eigenvalues we use a Multiprecision Computing Toolbox [3] for
MATLAB®[4]. First the elements of M are obtained with 130 correct digits
and then two computations with 70 and 130 digits of precision are made
with the toolbox. The four eigenvalues under consideration are verified by a
check for matching their first digits obtained by the two computations with
70 and 130 digits of precision. The first digits of the corresponding condition
numbers are also checked. More than 25 of the first digits for the eigenvalues
and for the condition numbers are the same. The four eigenvalues and their
absolute values for all trivial and all nontrivial choreographies are given with
25 correct digits in two separate files.
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